
Taras Shevchenko National University of  Kyiv 
(Faculty of Cybernetics) 

International Institute for Applied Systems Analysis 
(Austria) 

Glushkov Institute of Cybernetics  of  NAS of Ukraine 
V.I.Vernadsky Tavrian National University  
(Faculty of Mathematics and Informatics) 

System Analysis Committee of Presidium  National 
Academy of  Sciences of  Ukraine 

Academy of  Sciences “Vysha Skola” of  Ukraine 
Crimean Scientific Center of NAS of Ukraine 

 
 

International Workshop 
 
 

PROBLEMS OF DECISION 
MAKING UNDER 
UNCERTAINTIES 

(PDMU-2008) 
September 22-27, 2008 

   

ABSTRACTS 
   
   
   
 

 
Crimea (Novy Svit), Ukraine 

 

1



INTERNATIONAL PROGRAM COMMITTEE 
A.Nakonechny(Ukraine) - Chairman  
I.Beyko (Ukraine) - Vice-chairman 
V.Donskoy (Ukraine) - Vice-chairman  
I.Sergienko (Ukraine), J.-F.Emmenegger 
(Switzerland), Yu.Ermoliev (Austria), V.Bogdanov 
(Ukraine), Biswa Datta (USA), I.Gaishun (Belarus), 
L.Hordijk (Austria), J.Kaluski (Poland),  
V.Korolyuk (Ukraine), S.Hudak (Slovakia), 
A.Kurzhanskii (Russia), Laptev Ari (UB), 
N.Leonenko (Great Britain), A.Lindquist (Swedom), 
M.Makowski (Austria), J.Michalek (Czech 
Republik), A.Shpak (Ukraine), K.Troitzsch 
(Germany), O.Zakusylo (Ukraine),J.Zajac (Poland) 

 

NATIONAL ORGANIZING COMMITTEE 
O.Zakusylo - Chairman 
A.Anisimov - Chairman 
V.Donskoy - Vice-chairman 
I.Beyko, F.Garaschenko, A.Gupal, V.Donchenko, 
V.Akimenko, P.Knopov, E.Lebedev, I.Lyashenko, 
S.Lyashko, F.Sopronyuk, A.Vlasyuk, Ya.Elеjko, 
O.Chernyak, M.Bartysh  

 

LOCAL ORGANIZING  COMMITTEE 
P.Zinko -- Chairman 
Yu.Dulicheva, I.Harchenko, V.Shevchenko, 
V.Zaslavsky, M.Kozlova, O.Kucherenko, 
O.Lukovych, T.Korobko, E.Kapustyan, I.Usar, 
V.Blyshchik, A.Anafiev 



КАФЕДРІ СИСТЕМНОГО АНАЛІЗУ  
ТА ТЕОРІЇ ПРИЙНЯТТЯ РІШЕНЬ 20 РОКІВ 

 
Кафедра системного аналізу та теорії прийняття рішень (до 1998 р. – 

кафедра теорії автоматизованих систем) заснована в 1988 році з ініціативи 
та підтримки директора Інституту кібернетики ім. В.М.Глушкова академіка 
В.С.Михалевича з метою цільової підготовки спеціалістів.  

Кафедра здійснює підготовку бакалаврів за професійним 
спрямуванням "системний аналіз та теорія прийняття рішень" і на цій основі 
готує спеціалістів та магістрів на денній формі навчання. Випускники 
кафедри працюють провідними спеціалістами та фахівцями в наукових 
центрах НАН України, в галузевих інститутах та підприємствах, 
аналітичних центрах, фірмах та банках в якості розробників математичних 
моделей та алгоритмів, спеціалістів з теорії прийняття рішень та оптимізації 
систем, системних аналітиків та системних інтеграторів, менеджерів та 
консультантів по розробці та впровадженню інформаційних технологій.  

На цей час на кафедрі працює колектив з 9 викладачів: завідувач 
кафедри, професор, доктор фіз.-мат. наук Наконечний О.Г., професори 
Акіменко В.В. i Донченко В.С., доценти Бондарчук Ю.В., Доленко Г.О., 
Загороднiй Ю.В., Зінько П.М., Івохін Є.В., Мащенко С.О., а також 
висококвалiфiкованi фахiвцi, досвiдченi педагоги та вiдомi вченi з Iнституту 
кiбернетики iм.В.М.Глушкова НАН України, iнституту Космiчних 



дослiджень НАН України, якi сформували мiцний науковий та педагогiчний 
осередок, де охоче спецiалiзуються студенти та аспiранти. До складу 
кафедри входили науковий сектор математичного забезпечення та 
лабораторiя Iнтелектуальних вирiшуючих систем.  

З 6 вересня 2007 р. сектор математичного забезпечення був виділений 
у окремий науково-дослідний сектор «Проблем системного аналізу» 
(науковий керівник професор Наконечний О.Г.). На теперішній момент у 
секторі працює 9 співробітників, серед яких 2 доктора фіз.-мат. наук, 
провідний науковий співробітник, професор Подлипенко Ю.К. і старший 
науковий співробітник, професор Войцехівський С.О., 4 кандидати фіз.-мат. 
наук: завідувач сектору Капустян О.А., науковий співробітник Павлюченко 
О.Г., молодші наукові співробітники Жук С.Д., Волощук С.Д. Також 
працюють: провідний інженер Коробко Т.В., інженери 1 категорії, що 
проводять НТР Лосєва М.В., Демиденко С.В. 

Кращі випускники кафедри продовжують навчання в аспірантурі та 
докторантурі, навчаються за кордоном. На кафедрі кожен рік навчається до 
десяти аспірантів, та один докторант. За двадцять років кафедра підготувала 
понад 10 докторів наук, 40 кандидатів наук і 300 спеціалістів. 

З 1997 по 1999р, на кафедрі виконувався Українсько-Американський 
проект "Проблеми ідентифікації та керування в умовах невизначеності" 
сумісно з Йельським університетом (керівники професори Наконечний О.Г. 
та Роман Куц).  

В 1998 асоціацією AFCEA Europe та факультетом кібернетики 
Київського університету ім. Тараса Шевченка був організований 
міжнародний семінар-виставка-AFCEA Europe Seminar and Exposition "The 
Information Technology Contribution of a Safe Regional Environment" (секретар 
програмного комітету семінару - доцент В.А.Заславський).  

З 2001 року разом з кафедрами дослідження операцій та прикладної 
статистики проводиться щорічна Міжнародна конференція "Prediction and 
Decision Making under Uncertainties"( PDMU), голова програмного комітету - 
професор Наконечний О.Г.  

Кафедра має наукові зв'язки з Інститутом кібернетики, ім. 
В.М.Глушкова НАН України, Обчислювальним центром РАН, Інститутом 
проблем управління РАН, Білоруським державним університетом, 
Інститутом математики АН Білорусії, Московським університетом ім. 
М.В.Ломоносова, Військовою Інженерно-космічною академією ім. 
А.Ф.Можайського (Санкт-Петербург), Харківським Інститутом 
радіоелектроніки ім. Янгеля, Інститутом проблем машинобудування НАН 
України, а також з міжнародними науковими та навчальними закладами - 
Інститутом прикладного системного аналізу (IIASA, Лаксенбург, Австрія), 
Технічним університетом та Економічним університетом (Відень, Aвстрія), 
Університетом Манітоба (Вінніпег, Канада), Йельським університетом 
(США), Університетом ім. Масарика (Брно, Чехія), Королівським 
Технологічним Інститутом (Стокгольм, Швеція) та іншими університетами і 
здійснює обмін науковою інформацією, фахівцями. 
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THE JOINT LIMIT BEHAVIOUR OF SINGLE QUEUES AT THE 
NETWORK’S MODELS WITH PARALLEL STRUCTURE1 

Chechelnitski A., Kasjanov A., Kucherenko O. 
Taras Shevchenko National University of Kyiv 

che@unicyb.kiev.ua 
 

A lot of problems in modern queueing theory are related to the 
limit theorems. The advances of queueing theory in this area are closely 
tied to the progress of the theory of diffusion processes in 
multidimensional spaces. 

Here we will consider a pair of single server queues [ ]21// MM  
with a common input flow of customers. We suppose also that 
customers arrive in pair from outside and queue up for service 
individually at the first station and at the second one. After completing 
server in only one station they depart the model. 

We assume that sequences of interarrival times and service times 
form three mutually independent sequences of identically distributed 
random variables. The interarrival times jI   have the exponential 
distribution with parameter b  and service times at the i th station 
( )2,1=i have the exponential distribution with parameter iµ . As usual, 
we denote the traffic intensities by ii b µρ /=  for 2,1=i . 

Theorem.  If conditions 1>iρ , 2,1=i  hold, then the sequence 

of stochastic processes ( ) ( )( )tbnntQnt ii
i
n µξ −−= − 2/1)( , ( )tQi  is a 

number of customers at the i th station ( )0≥t ,  converges for any 
segment [ ]T,0  in uniform metric to diffusion process ( )tξ  satisfying 
the following equation ) ( )tBdwtd =ξ , where diffusion matrix 

2B equals 

⎟⎟
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⎞
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⎛
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−
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№Ф25.1/094) 

13



 

THE STATIONARY DISTRIBUTIONS IN  POISSONIAN  
TANDEM QUEUES1 

Chechelnitski A., Kucherenko O. 
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Consider a tandem queueing system ∞→∞ //// MMMM . 
We assume that customers arrive from the bivariate Poisson input fow 

( ) ( )( )tt 21 ,νν . Customers from the input flow ( )t1ν  arrive for service at 
the first system ∞// MM  . Having completed service there, they 
proceed to the second system ∞// MM , and after completing service 
at the second system they depart the model. Moreover the second station 
has its own input flow of customers ( )t2ν  which is dependent on the 
flow ( )t1ν . It means that our flows ( )t1ν  and  ( )t2ν  form the bivariate  
Poisson input flow with parameters  01 >λ , 02 >λ , 0>b . We 
assume also that the service times at the i th station ( )2,1=i have the 
exponential distribution with parameter iµ  for 2,1=i . 

Let ( )tX i be the number of customers at the i th system 
( )2,1=i  at the moment t . Our aim is to obtain the expression for 
stationary distribution of the process ( ) ( )( )tXtX 21 , . 

 Theorem.  The service process in the Poissonian tandem 
queues ( ) ( )( )tXtX 21 ,  has the ergodic distribution which is given by 

 ( ) ( ) }{ ===
∞→

jtXitXP
t

21 ,lim ( ) ( )
( )

∑
=

−−

×
−−

ji

k

kkjki

kjkik
aaa,min

0

321

!!!
{ }321 aaae ++− , 

where ( )211

2

1

1
1 µµµ

µ
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λ

+
+= ba , 

2
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λλ ba ++
= , 

21
3 µµ +
=

ba , 

∞= ,1, ji . 
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HIERARCHY DECOMPOSITION OF CRITERION FOR 
VISUALIZATION TECHNIQUES SELECTION PROBLEM  

Dolenko G., Svyatoha S.  
galinadolenko2006@yandex.ru,       ssvyatoha@gmail.com 

 
There are a large number of visualization techniques that have 

been developed to support the exploration of large data sets. We chose 
45 alternatives of different visualization and interaction techniques from 
them. 

In this work we attempt to construct hierarchy decomposition of 
criterion for decision making support of visualization  techniques 
selection process. Such selection is multi criterion decision making 
problem.  

For comparison alternatives of different interactive techniques 
we analyzed a lot of criterion. On the base of our investigation we 
formed hierarchy decomposition of criterion which consists of four 
levels.  

Our main goal – to select visualization techniques - is on the first 
level. On the second level there are  
6 criterion that mainly influence on our choice: 

1. Application domains criteria. 
2. Data mining and knowledge discovery criterion. 
3. Software criterion. 
4. Usability criterion. 
5. Ergonomic criterion. 
6. Criteria of effective design method. 

  

Fig.1. Inxight Star Tree hierarchy decomposition of criterion for 
visualization techniques selection 

 

15



 

On the third and fourth level there are 75 sub criterion, which  
connected with criterion of the second level and precise them.  
 Then we used Inxight Star Tree Studio to display the topology 
of hierarchy decomposition of criterion (Fig.1). 

Our proposed visual framework empowers analysts to explore 
selection problem along arbitrary dimensional path using hierarchical 
visualization techniques. Decomposition trees are generated with a few 
mouse click and support “speed-of-thought” analysis by revealing a 
multi scale view of the data. By implementing various hierarchical 
layouts, visual metaphors and interaction options we account for a 
variety of tasks, data patterns. We plan to further improve the scalability   
of hierarchical decomposition by applying  and making algorithms for 
changing quantity of criterion or alternatives and doing web software 
realization.  
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ROBUST EMISSION TRADING SCHEMES UNDER 
UNCERTAINTIES 

Y. Ermoliev, T. Ermolieva, M. Jonas, M. Makowski, G. Fischer 
International Institute for Applied Systems Analysis, Austria 

 
The aim of this paper is to analyze an integrated approach for joint 

treatment of natural and human related uncertainties and bilateral carbon 
emission trading. Proposed stochastic model allows to introduce 
explicitly the detectability of emissions to control the safety of Kyoto 
targets for robustness of trading schemes. The introduced scheme takes 
long-term perspectives on emission trading by using rational 
expectations. The dynamics of this scheme is driven by specific 
decentralized stochastic optimization procedure with different 
endogenous disequilibrium prices between mutually beneficial bilateral 
trades, but finally the system converges to cost-effective and 
environmentally safe global equilibrium. The safety constraints work as 
a discounting mechanism that discounts the reported emissions to 
detectable levels. This, in turn, provides incentives for participants to 
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reduce uncertainties before trading. The explicit introduction of 
emission detectability and safety constraints or(and) increasing returns 
of new abatement technologies may easily produce the duality gap 
preventing price-based trading to be environmentally safe and cost-
effective scheme. The role of proposed computerized multiagent trading 
system is central for dealing with long-term perspectives, irreversibility 
and “lock-in” equilibriums. This system can be viewed as a device for 
decentralized collective regulation of trades. 

The public property of large scale pollution makes it impossible to 
organize complete environmental markets with private demand for and 
private supply of pollution control. The monetary evaluation of environ-
-mental damage and therefore the benefits of cleaning up makes little 
sense. Yet, the idea of carbon trading proposed in the Kyoto Protocol is 
becoming increasingly popular for global climate change control. At the 
same time, the existence of various exogenous and endogenous inherent 
uncertainties raises serious concerns regarding the ability of carbon 
trading markets to fulfill the main purpose of the climate change control 
without creating world-wide irreversible socio-economic and 
environmental disruptions. Definitely that interests of profit oriented 
markets may contradict the main concerns of the Kyoto Protocol.  

The Kyoto Protocol was established in 1997 under the United 
Nations Framework Convention on Climate Change proposed in 1992. 
The main objective of the Protocol is to enforce a standard of a 5.2% 
reduction in the global emissions of greenhouse gases (GHGs) below 
1990 levels during the first commitment period from 2008-2012 to 
prevent dangerous anthropogenic interference with the climate system. 
For each country taking part, the Protocol specifies a target emission 
level not to be exceeded in this period. However, it also allows for 
emission trading. This means that each party (country, company) of the 
Protocol has the possibility to exceed their prescribed emission level 
given that another party carries out an equivalent emission reduction 
such that the aggregate emission level remains constant. It is assumed 
that parties with high emission reduction costs will buy emissions from 
parties with low emission reduction costs within prescribed Kyoto 
targets. In other words we can think of  parties engaged in a bilateral 
emission exchange process driven by cost minimizing and 
environmentally safe sequential decisions without the need for a market.  

In contrast, carbon trading markets, which become increasingly 
popular in recent years, are more similar to share markets. Parties hold a 
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number of permits to emit a specific amount of emissions. The total 
amount of permits cannot exceed a limit or a cap on the amount of 
carbon (or other pollutant) that can be emitted. Parties that need to 
increase their emissions beyond the cap must buy permits on the market 
according to prevailing market price. Thus, if in the bilateral emission 
trading scheme the exchange of emission is driven by abatement costs 
(e.g., their marginal values), in the carbon trading markets the exchange 
of emissions is driven by prevailing market prices, which are usually 
modeled by exogenous random processes with potential bubbles 
induced by speculators. Such price signals may have nothing in 
common with minimization of abatement costs and environmental 
safety constraints of participants unless they have rather specific 
endogenous character defined by the dual model generating dual cost-
effective and environmentally safe prices. In fact, the design and even 
the existence of robust cost-effective and environmentally safe emission 
trading schemes can be derived from the availability of robust 
decentralized optimization procedures for underlying emission control 
model.   

There are two principle approaches to control pollution: centralized 
“command-and-control” methods and decentralized market simulating 
schemes. If the central agency is fully informed about emissions and 
abatement cost functions of all parties, the primal problem of finding 
emission levels that meet given environmental standards in a cost-
effective way is a straightforward task. It allows easily to deal with 
nonconvex cost functions typically encountered in long-term 
evaluations involving new technologies with increasing returns. The 
convexity of the model can also be destroyed by explicit introduction 
the detectability of emissions and environmental safety constraints.  

If the central agency is not fully informed, then the primal model 
has to be solved in a decentralized manner. The bilateral emission 
trading scheme of Section 5 corresponds to a decentralized solution of 
the primal model. An alternative to this scheme may be a price-based 
carbon emission market simulating a decentralized solution of the dual 
problem. Unfortunately, the cost-effectiveness and environmental 
efficiency of this solution critically depend on the proper modeling of 
price processes, in particular, their dependencies on costs functions and 
environmental constraints.  

There is a number of scientific challenges related to the types and 
origins of uncertainties (Ermoliev et al., 2000, Godal et al., 2003, 
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Liberman et al., 2007) affecting the design of pollution control schemes.  
First of all, emissions of greenhouse gases (GHGs) are not directly 

observable. In general, emissions can be estimated with information on 
GHG-emitting activities by applying specific conversion factors and 
from atmospheric measurements using diverse inversion models. The 
activities are monitored by the regulatory agency in each party and 
emissions are reported to the Convention Secretarial according to 
specific guidelines developed by the Intergovernmental Panel on 
Climate Change (IPCC). The accuracy of the estimated emissions 
depends on the quality of the monitoring system in each specific country 
and on the accuracy of the conversion factors used. Current estimates of 
the overall uncertainty of the greenhouse gases inventories produced by 
the countries so far show that for most of them this uncertainty is in the 
same order of magnitude as, if not greater than, their agreed emission 
reductions. Also, the ways uncertainty is quantified, represented and 
accounted for in decision-making have not yet been adequately 
reflected, neither in national inventory reports nor in the procedures for 
the design and approval of robust Kyoto flexible mechanisms (including 
emission trading schemes).  

As emissions of GHGs cannot be observed perfectly, parties can 
underreport emissions either on purpose or because of uncertainty. 
Conversion factors can also be manipulated, as many of them do not 
apply globally. Hence the uncertainty in emission levels can be 
exploited strategically giving rise to unreported emissions. Yet the 
design of robust emission trading schemes requires the verifiability of 
tradable products enabling their reality. For example, carbon prices in 
the European Union crashed and caused instabilities in late April 2005 
after the Czech Republic, Estonia, France, the Netherlands and Sweden 
all reported lower than anticipated emissions (Energy Business Review, 
May, 2006). 

Apart from monitoring and measuring emissions, another essential 
source of uncertainties are the uncertainties of the abatement costs. The 
parties have no incentives to reveal information on real costs. If a permit 
buyer reveals his abatement cost function, the seller can use this 
information when bargaining on a permit price such that the buyer is 
worse off than he otherwise would be. Hence, parties have incentives to 
keep this information private and the specific costs of emission 
reductions may remain unknown. Besides, abatement costs may vary 
according to unknown in advance market conditions including 
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“bubbles” created by speculators. They are also subject to both industry 
wide and firm specific shocks, e.g., uncertainties and shocks connected 
with new technologies.   

This talk illustrates the importance of a proper uncertainty 
representation which may have skewed probability distributions. In this 
case, the use of equal-sided uncertainty representation (as practiced by 
IPCC) can leave out of consideration an essential mass of potential 
emissions. There are available generic approaches for detecting 
emission changes based on potential stochastic scenarios of emission 
trends (an overview of alternative approaches is available in Lieberman 
et al., 2007). Contrary to these, we propose a stochastic detection model 
which allows to represent asymmetric distributions of both human 
related uncertainties and uncertainties associated with the natural 
variability of emissions. As a result, this allows us to introduce 
appropriate risk measures to control the safety of Kyoto targets. This 
type of safety constraints is typical for pollution control, financial 
applications, stability regulations in the insurance industry and 
catastrophic risks management (Ermolieva et. al., 2005). In a sense, 
these constraints work as a discounting mechanism which discounts the 
reported emissions to detectable levels overshooting uncertainty within 
a specified safety levels, i.e., portion of detectable emission changes. 

Since the concept of safety constraints discounts emission changes 
to detectable levels, this provides incentives to reduce uncertainty before 
trading. This significantly affects the trade equilibrium state, i.e., this 
state cannot be achieved without explicit introduction of the 
detectability and the safety constraints. In contrast to “black-and-white” 
uncertainties characterized by equal-sided intervals (see overview in 
Lieberman et al., 2007), the proposed stochastic model aims to reduce 
underestimating and overestimating costs by using additional 
information on likelihoods of uncertainties which can be characterized 
by precise or/and imprecise probabilities and sets of potential scenarios.  

The proposed sequential bilateral trading schemes are based on 
stochastic decomposition methods. The trade at each step takes place 
towards minimization of safety-adjusted costs of meeting parties. This 
generates disequilibrium random prices which are endogenously driven 
towards the cost-effective and environmentally safe equilibrium price. 
The proof of the convergence can be used for the feasibility analyses of 
alternative schemes. Other trading schemes, especially based on 
exogenous price processes may not guarantee the cost-effectiveness and 
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environmental safety. In particular, explicit introduction of the 
detectability of emission changes and safety regulations may easily 
destroy the duality of emission trading model with dramatic 
consequences on the ability of price-based trading schemes to achieve 
cost-effective and environmentally safe solutions. 

The main concern of this talk is also the irreversibility of 
investments and other decisions, which may follow emission trades. In 
order to avoid this, we outline a computerized Multi-Agent Trading 
System (MATS) for stable and fair functioning of proposed emission 
trading scheme. We also analyze path-dependencies of trading schemes 
relying on instantaneous observable markets situations.  
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As noted by Nobel laureate J. Stiglitz, risks in agriculture play a 
tremendous role. Nevertheless, usual approaches to decision making and 
planning agricultural production do not include explicit treatment of 
uncertainties and measures for sharing the risks by stakeholders. One 
wonders how these approaches can advise real-world agricultural 
planners to effectively cope with risks affecting production and resource 
allocation.  

Many factors, including economic growth and industrialization 
alter the structure and mode of operation of agricultural production 
systems. In particular, these trends promote agricultural systems geared 
towards making use of economies of scale to produce the highest output 
at the lowest cost. This has led to production specialization and 
allocation of resources to large farmers favoring input-intensive mono-
cropping. The intensification increased environmental pollution, caused 
marginalization of smallholder farms, decreased rural welfare and 
triggered abandonment of land and migration of rural population to 
cities. In addition, risks to agricultural producers are further exacerbated 
by climate change and variability, as well as market distortions and 
instabilities. 

This paper aims to demonstrate the need for adequate 
accounting of risks and uncertainties to achieve robust planning in 
agriculture. The methodological emphasis is on the development of an 
integrated modeling framework under risks and uncertainties, which 
would permit to account for multiple dependencies and linkages of 
factors such as demand, supply, and resource availability, at various 
spatio-temporal scales and would reflect the goals and constraints of 
stakeholders. The proposed risk-adjusted approaches to planning 
agricultural production emphasize the cooperation and risk sharing 
among diverse producers and products. 
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We solved some elliptic problem for the case of a bounded 
domain Ω whose boundary ∂Ω consists of two circles Γ1, Γ2 of the same 
centre S0. These circles have the radii R1, R2=R1+ρ, where ρ is much 
less then R1. 

By the finite element analysis we solve the variational problem 
which is formally equivalent to a two-dimensional nonlinear elliptic 
boundary value problem with mixed nonhomogeneous boundary 
conditions (i.e., on a part  Γ1 of the boundary ∂Ω the boundary condition 
of the Dirichlet type is prescribed and on the remaining part Γ2=∂Ω \ Γ1 
the boundary condition of the Neumann type is prescribed).   

An elliptic problem given on such a domain has many practical 
applications (let us mention the air-crevice between a rotor and stator in 
an electromachine, or the cartilage between a joint and hip). 

The finite element analysis of this problem is restricted to the case 
of semiregular triangular finite elements with polynomials of the first 
degree, which are uniquely determined by function values at the vertices 
of a triangle. The numerical results are compared with results of the 
theory and there is a good correspondence.  
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The stock control model considered in this study will be expressed 
as follows: 

It is assumed that initially the stock level is at 0≥z . At random 
times 1,

1
≥= ∑ =

nT
i

n

in ξ , the system can be at the states 

i

n

inn SSz ∑=
=−

1
, η where iξ  and iη are independent and identically 

distributed positive valued random variables; such that, iξ s are the time 
between two successive demands and iη s are the amount of the 
demands. It is known that the variation of such systems is expressed by 
renewal reward process )(tX  (see [1]-[7]). The process )(tX  changes 
in this way until the stock level reaches the control level 0. When the 
stock level reaches the control level 0, the variation of the process is 
interfered. As a result of this interference, the system comes to a random 
state 1ζ  after a time period of 1θ  and consequently the first period is 
completed. After this interference the process )(tX continues to change 
similar to the way it changed in the previous period. The investigation of 
the steady state characteristics of the process )(tX has theoretical and 
practical importance. It is known that these characteristics are expressed 
in terms of the characteristics of the random variables 1ξ , 1η , 1θ  and 

1ζ . However when the distribution of the random variable 1ζ  is 
selected from a wide class of distributions the formulas obtained have 
very complex mathematical structures. Because of this reason it is not 
practical to use these formulas in various applications. In order to 
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Here we examine bilinear control systems with square 
performance criterion. Optimalcontrol that transfers bilinear system 
from the initial state into given final state and minimizes the functional 
of quality according to Pontrjagin's principle of maximum leads to so 
called two- point boundary problem for direct and conjugate variable. 
To solve the problem we must reconstruct group of Lee, that is 
parametrized by components of the vector of initial states of direct and 
conjugate system, that commutate on the force Brockett's equation [1] . 
In the basis coordinated with the structure of algebra of Lee, the 
equation for the commutator [2] have the form of generalized Eyler’s 
equation. Corresponding group of transformation forms the group of 
SO(n) rotations of n-dimensional space. It is possible to reconstruct the 
group whether by using structural constants that leads to a necessity of 
solution of two Koshi's problems, or using the infinitesimal operators 
[3] . In the second case it is essential to resolve the second problem of 
Koshi. If the group is compact the optimal control has global character.  
For Hamilton's bilinear systems the role of commutator for a direct and 
conjugate variables is carried out by Puasson's bracket. Hamiltonian in 
that case has the form )(tuHH µ

µ
µ∑= , where )(tuµ - control 

functions, µH -partial Hamiltonians. So the problem of optimal control 
of the ensemble of is quite analogical. Mechanical variables are con-
sidered as operators, that are given by Puasson's brackets. Multivariate 
sphere is the orbit of the group of controllable motion of the ensemble. 
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